Utah State University

DigitalCommons@USU
All Graduate Theses and Dissertations

Graduate Studies

5-1968

The Fundamental Groups of the Complements of Some Solid
Horned Spheres
Norman William Riebe
Utah State University

Follow this and additional works at: https://digitalcommons.usu.edu/etd
Part of the Geometry and Topology Commons

Recommended Citation
Riebe, Norman William, "The Fundamental Groups of the Complements of Some Solid Horned Spheres"
(1968). All Graduate Theses and Dissertations. 6821.
https://digitalcommons.usu.edu/etd/6821

This Thesis is brought to you for free and open access by
the Graduate Studies at DigitalCommons@USU. It has
been accepted for inclusion in All Graduate Theses and
Dissertations by an authorized administrator of
DigitalCommons@USU. For more information, please
contact digitalcommons@usu.edu.

THE FUNDAMENTAL GROUPS OF THE COMPLEMENTS
OF SOME SOLID HORNED SPHERES
by

Norman William Riebe

A thesis submitted in partial fulfillment
of the requirements for the degree
of

MASTER OF SCIENCE
in
Mathematics

Major Professor

UTAH STATE UNIVERSITY
Logan, Utah

1968

ii

ACKNOWLEDGMENTS
After a number of years away from the formal study of mathematics,
it was with some hesitance that I began a degree program.

The person

most responsible with his encouragement has been Dr. Lawrence 0.
Cannon.

He has been very generous in his advice and counsel, and

I would like to express my sincere thanks to him.
My wife, Janice, has been patient and understanding throughout
the time it has taken for the research and writing of this thesis,
and I would like to express my gratitude to her.

iii

TABLE OF CONTENTS
Page

INTRODUCTION .

1

DERIVATION OF THE FUNDAMENTAL GROUPS OF THE COMPLEMENTS OF
THE 2-HORNED SPHERES OF ORDERS 2, 3, AND 4

5

The 2-horned sphere of order 2
The 2 horned sphere of order 3
The 2 horned sphere of order 4

5
8
11

REPRESENTATIONS OF G 2 , G 3 , AND G4 ONTO As

14

DEFINITION OF G

k

AND CONSTRUCTION OF HOMOMORPHISMS OF Gk

ONTO Gl FOR k

>

l

>

2

k

Definition of G
. l
k .
Homomorphisms of G onto G , fork> l > 2
The geometric meaning of the homomorphisms �l

k
DIRECT LIMITS OF SYSTEMS OF GROUPS AND THEIR APPLICATION
k

TO {G : k

>

2}

Preliminary conunents
Direct limits of groups
k"
Application to the groups G

16
16

17
20

21
21
21
25

LITERATURE CITED

27

VITA .

28

iv

LIST OF FIGURES
Figure

Page

1.

A 2-horned sphere of order 4 constructed by generalizing
the Alexander horned sphere

2.

Projection of the infinite �raph whose complement is
.
.
homeomorphic to the space E - M2
.

6

Graph for reading relations at the crossings in
E 3 - M2

7

4.

Graph for reading relations at points of order 3 in
E 3 - M2

7

5.

Graph for reading the relation around each singular
point in E 3 - M2

8

6.

Projection of the graph of a general singular point
for reading the relations in G 3 = n(E 3 - M 3 )

9

7.

Projection of the graph of a general singular point
for reading the relations in G 4 = n(E 3 - M4 )

12

3.

3

V

ABSTRACT
The Fundamental Groups of the Complements
of Some Solid Horned Spheres
by
Norman William Riebe
Utah State University, 1968
Major Professor: Dr. Lawrence 0. Cannon
Department: Mathematics
One of the methods used for the construction of the classical
Alexander horned sphere leads naturally to generalization to horned
spheres of higher order.

Let M2, denote the Alexander horned sphere.

This is a 2-horned sphere of order 2.

Denote by M 3 and M4, two

2-horned spheres of orders 3 and 4, respectively, constructed by such
a generalization.
The fundamental groups of the complements of M2, M 3 , and M4 are
derived, and representations of these groups onto the Alternating
Group, As, are found.

The form of the presentations of these funda-

k
mental groups leads to a more general class of groups, denoted by G ,
k > 2.

A set of homomorphisms

�f:G k

�G

l

,

k: l: 2 is found, which

has a clear geometric meaning as applied to the groups G 2 , G 3 , and G 4 •
Two theorems relating to direct systems of non-abelian groups
are proved and applied to the groups
k

theorems is that the groups G ,

k:

The implication of these
2 are all free groups of countably

infinite rank and that the embeddings of M2, M3, and M4 in E 3 cannot
be distinguished by means of fundamental groups.
(33 pages)

INTRODUCTION
The classical "horned sphere," the best known and one of the
first wild surfaces in E 3 , was defined by Alexander.

Several authors

have studied Alexander's horned sphere and related surfaces.

In 1966,

L. O. Cannon gave a general definition for the s�lid horned sphere
M in E 3 •

1

Certain of the horned spheres are defined in such a way

that the complementary domain (E 3 - M) is not simply connected.

The

question arises as to which, if any, of the horned spheres are equiv
alently embedded in E 3 •
One means available for testing this property is the use of
algebraic techniques to examine the fundamental group, n(E 3 - M), of
the complementary domain.

Let M, M' be two horned spheres; n(E 3 - M),

n(E 3 - M'), respectively, their fundamental groups.

If it can be shown

that the groups n(E 3 - M) and n(E 3 - M') are not isomorphic, then it
follows that the spaces (E 3 - M) and (E 3 - M') are not homeomorphic
2
and that M, M' are not equivalently embedded in E 3 •

On the other

hand, if the fundamental groups are isomorphic no conclusion can be
drawn.
Let M2 denote Alexander's horned sphere.

M2 is often called a

2-horned sphere, and it is obtained by a limiting process in E 3 •

This

limiting process is sometimes thought of as the construction of a pair
1

L. o. Cannon, "Sums of Solid Horned Spheres," Transactions of
the American Mathematical Society, CXXII, No. 1 (March, 1966), p. 203228.

2
Richard H. Crowell and Ralph H. Fox, Introduction to Knot Theory
(New York: Blaisdell Publishing Company, 1965), p. 13-30.

